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Abstract. We prove that a crepant resolution tt : Y — > X of a Ricci-fiat 
Kahler cone X admits a complete Ricci-flat Kahler metric asymptotic to the 
cone metric in every Kahler class in H 2 (Y,M). A Kahler cone (X, g) is a 
metric cone over a Sasaki manifold (S,g), i.e. X = C(S) := S X R>o with 
g = dr 2 + r 2 g, and (X, g) is Ricci-fiat precisely when {S, g) Einstein of positive 
scalar curvature. This result contains as a subset the existence of ALE Ricci- 
flat Kahler metrics on crepant resolutions ir : Y — » X = C n /T, with T C 
SL(n, C), due to P. Kronheimer (n = 2) and D. Joyce (n > 2). 

We then consider the case when X = C(S) is toric. It is a result of A. 
Futaki, H. Ono, and G. Wang that any Gorenstein toric Kahler cone admits a 
Ricci-flat Kahler cone metric. It follows that if a toric Kahler cone X = (7(5) 
admits a crepant resolution n : Y — > X, then Y admits a T n -invariant Ricci- 
flat Kahler metric asymptotic to the cone metric (X, g) in every Kahler class 
in H 2 (Y,M.). A crepant resolution, in this context, is a simplicial fan refining 
the convex polyhedral cone defining X. We then list some examples which are 
easy to construct using toric geometry. 



1. Introduction 

There has been much research recently in constructing examples of Sasaki- 
Einstein manifolds (cf. [7J [5J HH1 EZ1 HE1 Q~5] ) • Recall that a Sasaki-Einstein manifold 
{S,g) is positive scalar curvature Einstein manifold whose metric cone (C(S),g), 
C(S) = R >Q x S and g = dr 2 + r 2 g, is Ricci-fiat Kahler. In all cases besides 
S = S 2 ""^ 1 , C(S) = C n , the cone has a singularity at the apex. There has been 
interest recently in constructing Ricci-flat Kahler metrics on resolutions tt : Y — * X 
of the singularity of X. One source of interest in these asymptotically conical 
Calabi-Yau manifolds is in the AdS/CFT correspondence (cf. [301 El]) ■ Another 
motivation is in the construction of new Calabi-Yau manifolds by resolving conical 
singularities of a singular Calabi-Yau space (cf [TT1 112j ). 

The resolution will necessarily be crepant, and one requires that the metric on 
Y be asymptotic to the original Ricci-flat Kahler cone metric on X. In this article 
we will give a partial solution to the existence of such metrics. Many examples are 
already known. In particular, when C(S) = C n /T, for T C SL(n, C) a finite group 
acting freely on C" \ {o}, such a metric on a resolution of X will be an ALE Ricci- 
flat Kahler metric. The existence and uniqueness of ALE Ricci-flat Kahler metrics, 
in each Kahler class, on X has been proved by P. Kronheimer 25J for n = 2 and 
by D. Joyce [23[ [22] for n > 2. 
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Until recently all known examples of Sasaki-Einstein manifolds were quasi- regular, 
meaning they are orbifold fibrations over Kahler Einstein orbifolds. The 5-dimensional 
Sasaki-Einstein manifolds Y p,q of J. Gauntlett, D. Martelli, J. Sparks, and D. Wal- 
dram [17) provided the first irregular examples, meaning that they are not simply 
orbifold fibrations over a Kahler-Einstein orbifold. The general existence problem 
for Sasaki-Einstein metrics on toric Sasaki manifolds has been solved in general 
in the beautiful paper of A. Futaki, H. Ono, G. Wang [15]. In other words, their 
result implies that any toric Q-Gorenstein isolated singularity X admits a Ricci- 
flat Kahler cone metric. This will be used as a source of examples in this article. 
Although a crepant resolution does not always exist, it is elementary to construct 
examples using toric geometry. 

Previous constructions of complete Ricci-flat Kahler metrics such as those of G. 
Tian and S.-T. Yau |37[l38j constructed metrics asymptotic, in some sense, to a cone 
over a regular, or quasi-regular, Sasaki-Einstein manifold. The present work differs 
in that the existence of complete Ricci-flat metrics are proved which are asymptotic 
to cones over irregular Sasaki-Einstein manifolds. Some explicit examples of Ricci- 
flat Kahler metrics asymptotic to cones over irregular Sasaki-Einstein manifolds 
were constructed in [29j . The author has also considered the possibility of such 
metrics on quasi-projective manifolds in [40 , which is very complementary to this 
article. 

This article considers the following conjecture which first appeared in |31j . 

Conjecture 1.1. Let ir : Y — > X be a crepant resolution of an isolated singularity 
X = C(S), where C(S) admits a Ricci-flat Kahler cone metric. Then Y admits a 
unique Ricci-flat Kahler metric in each Kahler class in if 2 ( Y, R) that is asymptotic 
to a cone over the Sasaki- Einstein manifold (S,g). 

We give a partial solution to this conjecture. We prove the following, where 
H 2 (Y, R) denotes cohomology with compact supports. 

Theorem 1.2. Let ir : Y — > X be a crepant resolution of the isolated singularity 
of X = C(S), where C(S) admits a Ricci-flat Kahler cone metric. Then Y admits 
a Ricci-flat Kahler metric g in each Kahler class in H 2 (Y, R) C H 2 (Y, R) which is 
asymptotic to the Kahler cone metric g on X as follows. There is an R > such 
that, for any S > and k > 0. 

(1) V fc (tt.5 - g) = O ( r - 2n+s - k ) on {y € C(S) : r(y) > R}, 

where V is the covariant derivative of g. 

Note that the inclusion of compactly supported cohomology in this case induces 
an inclusion /f 2 (Y,R) C H 2 (Y,R). And H 2 (Y,R) is the subset of H 2 (Y,R) whose 
restriction to S C X vanishes. Also, if u; is a Kahler class in H 2 (Y, R), then it has 
a d-dimensional neighborhood of Kahler classes, where d = dim H 2 (Y, R). Thus 
the theorem gives families of Ricci-flat metrics. Note also that d is the number of 
prime divisors in the exceptional set E = 7r _1 (o). 

It is also useful to consider partial crepant resolutions 7r : Y — > X where Y has 
only orbifold singularities. The proof of Theorem 1 1.21 is valid without modification 
in this case also. Many of the examples of Sasaki-Einstein manifolds S have asso- 
ciated Ricci-flat Kahler cones X = C(S) which do not admit crepant resolutions, 
but nonetheless admit such a partial crepant resolution. This is true of some of 
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the examples constructed via hypersurface singularities in [5] and [7], while some 
examples do admit crepant resolutions. 

Theorem 11.21 solves a large portion of Conjecture II. 11 But it is instructive to 
consider what it excludes. If it : Y — > X is a small resolution, i.e. codimc(.E') > 
1, where E = 7r~ 1 (o) is the exceptional set, then there are no Kahler classes in 
H 2 (Y,R). In particular, consider the conifold X = {z% + z\ + z\ + z\ = 0} C C 4 
which is the cone over S 2 x S 3 . It has the structure of a Ricci-flat Kahler cone if 
S 2 x S 3 is given the homogeneous Sasaki-Einstein metric. Then X admits a crepant 
resolution tt : Y -> X, where Y is the total space of 0(-l) 0(-l) -> CP 1 . The 
exceptional set is CP 1 = 7r _1 (o). Nevertheless, it is well known that Y admits a 
complete Ricci-flat Kahler metric (cf. [TT]). 

After proving Theorem 11.21 we will consider the toric case in more detail. In 
this case X — C(S) is a Gorenstein toric Kahler cone which admits a toric Ricci- 
flat Kahler cone metric by the results of [T5]. In this case a crepant resolution 
7r : Y — > X is toric, and Y is described explicitly by a nonsingular simplicial fan A 
refining the convex polyhedral cone A defining X. A Kahler class in H 2 (Y,M.) is 
characterized by a compact strictly convex support function on A. This is a strictly 
convex support function on A which vanishes on the rays defining A. We prove the 
following. 

Corollary 1.3. Let n : Y — > X be a crepant resolution of a Gorenstein toric 
Kahler cone X. Suppose the fan A defining Y admits a compact strictly convex 
support function. Then Y admits a Ricci-flat Kahler metric g which is asymptotic 
to (C(S),g) as in {J). Furthermore, g is invariant under the compact n-torus T n . 

As above, if a Ricci-flat Kahler metric exists, then there is a d-dimensional, 
d = dim H% ( Y, K) , family of such metrics. Here d is the number of lattice points 
in the interior of a polytope Pa which is the intersection of the cone A defining X 
with a hyperplane. Thus, although crepant resolutions are generally not unique, d is 
invariant. A crepant resolution of X is characterized by a basic lattice triangulation 
of Pa- When n = 3 such a triangulation always exists. 

In the final section we give some examples. These are easily described by the toric 
geometry of the resolution it : Y — > X in the toric case. Many more examples are 
constructed in 39J using toric geometry and by resolving hypersurface singularities. 
Recently the author has come up with a proof which removes the S > from the 
convergence in ([T]) and thus gives the sharp convergence. This will appear in a 
subsequent article. 

2. Sasaki manifolds 

We review some of the properties of Sasaki manifolds. We are primarily inter- 
ested in Kahler cones. But a Kahler cone is a cone over a Sasaki manifold, and 
much research has been done recently on Sasaki-Einstein manifolds (cf. [3 [6]). 

Definition 2.1. A Riemannian manifold (S,g) of dimension 2n—l is Sasakian if 
the metric cone (C(S),g), C(S) = K>o x S and g = dr 2 + r 2 g, is Kahler. 

Set £ = J{r-§^), then | — i J£ is a holomorphic vector field on C(S). The restric- 
tion f of £ to S = {r = 1} C C(S) is the Reeb vector field of S, which is a Killing 
vector field. If the orbits of £ close, then it defines a locally free t/(l)-action on S. 
If the [/(l)-action is free, then the Sasaki structure is said to be regular. If there 
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are non-trivial stablizers then the Sasaki structure is quasi-regular. If the orbits do 
not close the Sasaki structure is irregular. 

Let r\ be the dual 1-form to £ with respect to g. Then 

(2) V = (2d c logr)\ r=1 , 

where d c = \{B — d). Let D = 'kcvq. Then dr\ in non-degenerate on D and r\ is a 
contact form on S. Furthermore, we have 

(3) dr)(X,Y) = 2g($X,Y), for X, Y £ D x , x £ S, 

where $\d x is the restriction of the complex structure J on C(S), to D x , and 
$(£) = 0. Thus (D,J) is a strictly pseudo-convex CR structure on S. We will 
denote the Sasaki structure on S by (g, £, r], $). It follows from ([2]) that the Kahler 
form of (C(S),g) is 

(4) U = \d{r^) = l -dd c r\ 

Thus ^r 2 is a Kahler potential for u>. 

There is a 1-dimensional foliation ^ generated by the Reeb vector field £. Since 
the leaf space is identical with that generated by £ — i J£ on C(S), has a natural 
transverse holomorphic structure. And cu T = \dr\ defines a Kahler form on the leaf 
space. We denote the transverse Kahler metric by g T . Note that when the Sasaki 
structure on S is regular (resp. quasi-regular), the leaf space of ^ is a Kahler 
manifold (resp. orbifold). 

A p-form a £ £l p (S) on S is said to be basic if 

(5) £ja = and C^a = 0. 

The basic p-forms are denoted by fl p B (S), where the foliation on S must be 
fixed. One easily checks that fl* B is closed under the exterior derivative. So there is 
a transversal de Rham complex which can be used to calculate the basic cohomology 
H* B {S). 

The foliation associated to a Sasaki structure has a transverse holomorphic 
structure, so there is a splitting Vl B = ® p+q=k $V^ q of complex forms into types. 
And the exterior derivative on basic forms splits into d = d + d, where d has degree 
(1,0) and d has degree (0, 1). Thus we have as well the basic Dolbeault complex 
and the basic Dolbeault cohomology groups H B q (S). 

Furthermore, the foliation has a transverse Kahler structure, and the usual 
Hodge theory for Kahler manifolds carries over. In particular, we have the Hodge 
decomposition H B (S : C) = p+g=fc H B q (S) and the representation of basic coho- 
mology classes by harmonic forms. It is also useful to know that the 99-lemma 
holds for basic forms as it does on Kahler manifolds. Thus if <j> £ Q, 1 ^ 1 is exact, 
then there is a basic / S C|? with <j> = iddf and / can be taken to be real if 4> is. 
See the monograph [6] for a survey of these results. 

We will consider deformations of the transverse Kahler structure. Let </> £ C^(5) 
be a smooth basic function. Then set 

(6) fj = T} + 2d c B ct>. 
Then 

di) = drj + 2dBd c B <f> = drj + 2ii9b<9,b0. 
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For sufficiently small 0, 77 is a non-degenerate contact form in that fjAdfj 11 is nowhere 
zero. Then we have a new Sasaki structure on S with the same Reeb vector field £, 
transverse holomorphic structure on J^: , and holomorphic structure on C (S) . This 
Sasaki structure has transverse Kahler form Cj t = w T -M<9b<9b</>. One can show [TS] 
that if 

r = r exp </>, 

then u) = ^dd c r 2 is the Kahler form on C(S) associated to the transversally de- 
formed Sasaki structure. 

Proposition 2.2. Let {S,g) be a 2n — 1- dimensional Sasaki manifold. Then the 
following are equivalent. 

(i) (S,g) is Sasaki-Einstein with the Einstein constant being necessarily In — 2. 

(ii) (C(S),g) is a Ricci-flat Kahler. 

(Hi) The Kahler structure on the leaf space of ^ is Kahler- Einstein with Einstein 
constant In. 

This follows from elementary computations. In particular, the equivalence of (i) 
and (iii) follows from 

(7) Ric 3 (X,f) = (Ric T -2 5 T )(X,y), 

where X,Y ^ D are lifts of X, Y in the local leaf space; g T and Ric T are the metric 
and Ricci tensor of the transversal Kahler structure. 

Given a Sasaki structure we can perform a D-homothetic transformation to get 
a new Sasaki structure. For a > set 

(8) 7/ = an, £' = 

a 

(9) g' = ag T + a 2 r\ ® n = ag + (a 2 — a)r] <g) 77. 
(10) 

Then (</, 7/, $) is a Sasaki structure with the same holomorphic structure on 
C{S), and with r' =r a . 

Proposition 2.3. The following necessary conditions for S to admit a deformation 
of the transverse Kahler structure to a Sasaki- Einstein metric are equivalent. 

(i) cf — a[drj\ for some positive constant a. 

(ii) cf > 0, i.e. represented by a positive (1, l)-form, and c\(D) = 0. 

(iii) For some positive integer t > 0, the £-th power of the canonical line bundle 
Kpj S j admits a nowhere vanishing section f2 with C^ft — inCl. 

Proof. Let p denote the Ricci form of (C(S), g) and p T the Ricci form of Ric T , then 
easy computation shows that 

(11) P = P T ~ Zn^drj. 



If (i) is satisfied, there is a D-homothety so that [p T ] = 2n[^dr)\ as basic classes. 
Thus there exists a smooth function h with £/i = = r-g-h and 

(12) p = iddh. 
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This implies that e h ^, where u> is the Kahler form of g, defines a flat metric 
| • | on Kp(s). Parallel translation defines a multi- valued section which defines a 
holomorphic section £1 of for some integer i > with |0| = 1. Then we have 

(13) (£\ (-lJ^flA^e^a)' 1 . 

From the invariance of h and the fact that lu is homogeneous of degree 2, we see 
that £„ a Q — nQ. 

Conversely, if (iii) holds, then we have (JT3J) for some h € C°°(C(S)). Then since 
lj is homogeneous of degree 2 and £ r ,9-^ = it follows that £h = = r-^h. 
And the above arguments show that cf = ^ [p T ] = ^ [dr]] . 

The equivalence of (i) and (ii) is easy (cf. [TS] Proposition 4.3). □ 

Example 2.4 Let Z be a complex manifold (or orbifold) with a negative holomor- 
phic line bundle (respectively V-bundle) L. If the total space of L x , L minus the 
zero section, is smooth, then the ?7 (l)-subbundle S C L x has a natural regular 
(respectively quasi-regular) Sasaki structure. Let h be an Hermitian metric on L 
with negative curvature. If in local holomorphic coordinates we define r 2 = /i|z| 2 , 
where z is the fiber coordinate, then to — ^dd c r 2 is the Kahler form on L x of a 
Kahler cone metric. And S — {z £ L x : r(z) = 1} has the induced Sasaki structure. 
Conversely, it can be shown that every regular (respectively quasi-regular) Sasaki 
structure arises from this construction (cf. [3]). 



3. Crepant resolutions 

Let C(S) be a Kahler cone. Note that a priori C(S) does not contain the vertex, 
but X = C(S) U {o} can be made into a complex space in a unique way. The Reeb 
vector field £ generates a 1-parameter subgroup of the automorphism group Aut(5) 
of the Sasaki manifold S. Since Aut(5) is compact, the closure of this subgroup is 
a torus T k c Aut(S). Here rank(5) := k. Choose a vector field £ in the integral 
lattice of the Lie algebra t of T k , £ S Zt C t, and such that 77(C) > on S*. Then 
it is not difficult to show that there is a quasi-regular Sasaki structure (<?, £, V> ^) 
with the same CR-structure (D, J) and with Reeb vector field £ (cf. [1]). And the 
J7(l)-action on S generated by £ extends to an holomorphic C*-action on C(S). 
Then the quotient C(S)/C* = S/U{1) is a Kahler orbifold Z, and C{S) is the total 
space, minus the zero section, of an orbifold bundle 1 : L — > Z (cf. [3]). The bundle 
L is negative. There is a metric h on L, so that f 2 = h\z\ 2 locally, where z is the 
fiber coordinate. And the Kahler form on C(S) for the Sasaki structure (<?, £, 77, 3>) 
is \iddf 2 as in (jl]). 

Let W be the total space of L. Then r 2 is strictly plurisubharmonic away from 
Z C W, and hence W is a 1-convex space. In other words, W is exhausted by 
strictly pseudo-convex domains {f 2 < c} C W, for c > 0. Then as in [19] W is 
holomorphically convex, and we have the Remmert reduction of W. That is, there 
exists a Stein space X and an holomorphic map a : W — > X, which contracts the 
maximal compact analytic set Z C W and is a biholomorphism outside Z . Thus 
X = C{S) U {0} is a complex space. Furthermore X is normal, and the Riemann 
extension theorem shows i*Oc<s) = @x, where i : C(S) — > X is the inclusion. 
Thus X is independent of the above choices. 
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Note that A = C(S) U {o} is a Stein space. And if tt : Y — * A is any resolution 
of o £ X, then Y is 1-convex. It is actually known [35] that X = C(S) U {o} is an 
affine variety. See also |39] for a succinct proof. 

Recall that a singularity i g 1 is rational if (-RV*£V)a: = 0, for i > 0, where 
7r : y — > X is a resolution of singularities. One can show that this is independent 
of the resolution. 

Suppose o £ 1 is an isolated singularity. Then we have a simple criterion for 
rationality (cf. [5] and [2l>]). 

Proposition 3.1. Let f2 be a holomorphic n-form defined, and nowhere vanishing, 
on a deleted neighborhood of o £ X. Then o £ X is rational if and only if 



for U a sufficiently small neighborhood of o £ X . 

Note that if (jT5J) is satisfied for Q, then it is satisfied for all holomorphic 7i-forms 
defined in a neighborhood of o £ X. And for any such form 7r*f2 extends to a 
holomorphic form on U = 7r _1 ([/). 

Let lox denote the dualizing sheaf of X. Then we have u>x — i,(C(Kc(s))), 
where i : C(S) — > X is the inclusion, as the codimension on Sing(X) = {o} C A 
is greater than 2. Recall that X is said to be p-Gorenstein if ujjj- := is 
locally free for p £ N, and A is Q-Gorenstein if it is p-Gorenstein for some p. We 
will call A Gorenstein if it is 1-Gorenstein. 

Suppose A is Q-Gorenstein. A resolution 7r : Y — > A is said to be crepant if 



Proposition 3.2. Let A = C(S') 6e the Kahler cone of a Sasaki manifold S sat- 
isfying Provosition \ 2.3l e.g. S is Sasaki- Einstein. Then X is Q-Gorenstein, and 
o £ X is a rational singularity. 

Suppose X admits a crepant resolution n : Y X . If H\{Y, Z) = 0, which is 
always the case in dimension 3, then X is Gorenstein. 

Proof. By Proposition 12.31 There exits a section Q p £ T(K®^). The Riemann 

extension theorem shows that oj^ — is locally free, and in fact trivial. 

Thus A is Q-Gorenstein. 

Note that the conditions of Proposition [2~3l implv that iri(S) is finite. Indeed, the 
transversal Ricci form Ricci T £ [auj T ], a > 0, where aoj T is a positive basic (1, 1) 
class. By the transverse version of the Calabi-Yau theorem there is a transversal 
Kahler deformation to a Sasaki structure with Ric T > 0. Then after a possible D- 
homothetic transformation, equation ([7]) shows that one can obtain a Sasaki metric 
with Ric g > 0. Then the claim follows by Meyer's theorem. 

The universal cover S of S is finite, and we have a finite unramified morphism 
g : X -> A, where A = C(S) U {o}. The holomorphic form Q on C{S) from 
Proposition 12.31 is easily seen to satisfy (fl4|) . In fact, the proof of Proposition 13.11 
shows that £1 extends to a regular form on any resolution of A. It is well known 
that the image of a finite morphism A must also have rational singularities [241 
Prop. 5.13]. 

By assumption 7r*f2 r is a nonvanishing section of K^ 1 *. One can prove using the 
definition of a rational sing ularity that Picy = H 2 (Y,Z) (cf. [39]). which is free 



(14) 




(15) 



tt*ujx = wy = O(Ky). 
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by assumption. Thus Ky is trivial and has a nowhere vanishing section O, and its 
restriction to i*(0(K.c(S))) defines a nonvanishing section of lux- 

It is a result of N. Shepherd-Barron than a crepant resolution of an isolated 
canonical 3-fold singularity is in fact simply connected. □ 

4. Approximate metric 

Let X = C(S) U {o} be a Kahler cone. Suppose it : Y — > X is a resolution of 
o G X. We will denote the pull back ir*r of the radius function r on C(S) to Y by 
r also. Let F = {y G F : r(y) < 1} C F. Then # C 2 (F,R) = # 2 (F, 5,M) and the 
cohomology sequence gives 

(16) > H^S^) ^ H 2 {Y,R) ^ H 2 (Y,R) ^ H 2 {S,R) ^ ■ ■ ■ . 

Suppose that 5 satisfies Proposition 12.31 then H 1 (S, R) = {0} by the argument in 
Proposition 13. 21 Thus we have an inclusion H 2 {Y 1 R) C H 2 (Y, R). In fact, one can 
prove with some more work that -> £/f(Y,R) -> iJ 2 (F,R) -> //" 2 (S,R) -> is 
exact (cf. PI). 

We prove that the restriction in Theorem 1 1.21 to Kahler classes in H 2 (Y, R) is in 
some sense necessary. 

Proposition 4.1. Let it : Y — » X &e a resolution of the Kahler cone X — C(S). 
Let g be a Kahler metric on Y with Kahler form id. Suppose 

(17) \\^g-g\\- g = 0{r- a ), 

where g is the cone metric on C(S). If a > 2, then [u>] G H 2 {Y, R). 

Proof. Let Q = \dd c r 2 , and set /3 = w — ui. Let i a : S C C(S), for a > 0, be the 
inclusion as the set {r = a} C C(S). In the following 7 G J7 2 (S I ) is an arbitrary 
2-form, (71 is the Sasaki metric on S 1 , and g r = a 2 gi is the metric on S induced by 
i a - 

JS JS 

(is) < / K/?IUMLm 91 




And ||i*/3|| 9r < By (JTTJ) there is a constant C > so that 

(19) / a 2 HO?IUl7lL/V < C / a- Q+2 ||7ll 9 ^ 91 - 0, as a - 0. 

Js Js 

If * ai 7 is closed, then the integral on the left of (fT5|) is independent of a > 0. □ 

This has consequences in the case of small resolutions. 

Corollary 4.2. Suppose n : Y — > X is a small resolution. And g is an asymp- 
totically conical metric on Y , meaning that g satisfies Ji?| ) /or some a > 0. TTien 
a < 2. 

Proof. Suppose a > 2. Then by Proposition 14.11 the Kahler form u satisfies [u] G 
H 2 (Y, M) . Thus [u] is Poincare dual an element of Hin-2 (X, K.) ■ But Y is homotopi- 
cally equivalent to E = 7r _1 (o), and dime E < n— 1. So iJ 2 n-2(F,R) = {0}- □ 
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Indeed, there is an asymptotically conical Calabi-Yau metric on the small res- 
olution 7T : Y -> A, where Y is the total space of O(-l) ffi -» CP 1 and 
X = {zq + z\ + z| + z\ = 0} C C 4 , constructed in [IT]. And for this metric one has 
a = 2. 

Suppose that C(S) is a Kahler cone which satisfies Proposition ^. 31 And suppose 
7r : Y — > A is a resolution. 

Lemma 4.3. Lef u/ 6e a Kahler metric on Y whose cohomology class [a/] G 
H^(Y, R). TTien £/iere exists a Kahler metric loq on Y with [loq] — [lo'] and for 
some rg > on Y ra = {y £ Y : r(y) > ro} loq restricts to tt*lo, the pull-back of the 
Kahler cone metric. 

Proof. Let {D{\ be the prime divisors in the exceptional set E = 7r _1 (o). Since 
H2n~2{Y 1 R) is generated by the fundamental classes of the Di, [lo'] is Poincare dual 
to J2 i aiDi for <n € R. Thus there exists a compactly supported closed (1, l)-form 
(3 Poincare dual to J^i a iDi, so [f3] = [lo 1 ]. 

Proposition 13.21 implies that o 6 X is a rational singularity, so (-R 1 7t*0y)o = 
for z > 0. And because A is a Stein space H° (X, R 1 -k*Oy) = 0, for j > 0. Thus 
the Leray spectral sequence implies that H P (Y, Oy) = for p > 0. 

Let a £ A 1 (Y) be a smooth 1-form with da = lo' — j3. Then if a — + a 0,1 is 
the decomposition into types a ' 1 = a 1 ' , and 9a ' 1 = 0. So there exists a smooth, 
complex valued, function 7 with dj = a 0,1 , since Hh(Y) = H 1 (Y,Oy) — 0. And it 

easily follows that idd(2 Imj) = lo' — (3. 

2 

Denote by / = ^- the Kahler potential of the Ricci-flat Kahler cone metric on 
A. Choose < ai < a^- And let v : M>o — > R be a smooth function with v{x) = x 
for x > -3-, v'(x), v" (x) > for < x < and i^(x) = c, a constant, for 

a 2 ~ 

x < Then idd(y o /) > and extends to a form on Y . Now choose &i, 62 with 

2 

< &i < 62. Let </> be a non- negative function of r with </>(r) = 1 for r < b\ and 
4>{r) — for r > 62. Then define it = 2(^Im7 and 

(20) loo = P + iddu + Cidd{v o /), for C* > 0. 

For C > sufficiently large this gives the required metric. □ 



5. MONGE-AMPERE EQUATION 

In this section we prove the existence of the complete Ricci-flat metric, and its 
asymptotic properties, in Theorem 1 1.21 Basically the arguments in [37] and [38] for 
the case of Ricci-flat metrics on quasi-projective manifolds work in this situation, 
but in this situation we are able to fix the asymptotics of the metric more precisely. 

Suppose (C(S),lo) is a Ricci-flat Kahler cone, and n : Y — > A is a crepant reso- 
lution. There is a holomorphic n-form on C(S) satisfying (TT3")) with h constant. 
Thus there is a c £ C so that 

(21) cfl A Q = Lo n . 

Let f2 also denote the extension of 7r*£l to a nowhere vanishing n-form on Y. 
Define a real valued function 
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where loq is the Kahler form of Lemma 14.31 Then iddf = Ricci(wo), and after 
possibly adding a constant to /, / vanishes on Yb 2 = {y € Y : r(y) > 62}- The 
existence of of a Ricci-flat Kahler metric on Y is equivalent to a solution to the 
following Monge- Ampere equation: 



(23) 




e J lo, 



> 



For the proof of the following see [38], Proposition 4.1. Note that the proof 
makes use of the boundedness of the curvature tensor ||i?(<7 )|| < 00, where g is 
the metric associated to cog, and of the covariant derivative of the scalar curvature 
||ds go || < 00. The proof also makes use of some analysis developed in [15] . 

Proposition 5.1. Let loq be the Kahler form defined in Lemma \4-3\ Then there is 
a unique solution cf> to i23\) such that <p(y) converges uniformly to zero as y goes to 
infinity, and there is a constant c > 1 so that c~ 1 lo < lo + iddcj) < cloq. It follows 
that Co = loq + iddcj) is a complete Ricci-flat Kahler metric on Y . 



We now prove that the metric g with Kahler form Co of Proposition l5. II is asymp- 
totic to the Ricci-flat Kahler cone metric (C(S),g) as stated in Theorem II .21 

Lemma 5.2. Let cj) be the solution to i23\) given in Proposition \5. 1\ For any 5 > 

there are constants C, C's > so that 

(24) - £7,(1 + r 2 (y)y n+1 (logr(y)) 5 < cj>(y) < £7(1 + r 2 (y))-" +1 , for y G Y ra , 
where Y ro is as in Lemma \4-S\ 

Proof. For r > tq we have (co + dd c cj)) n = co n , where lo = ^dd c (r 2 ) = rdrA-q+ ^r 2 dr/. 
Set p = Kr- 2n+2 . Then 

(25) dd c p = 2(n - \) 2 Kr- 2n rdr A f) - (n - l)K r - 2n+2 dr], 
so 

(26) lo + dd c p = (1 + 2(n - l) 2 Kr- 2n )rdr A T) + (1 - 2(n - l)Kr- 2n ^r 2 dr]. 

Therefore we have 
(27) 

(lo + dd c p) n = n(l + 2(n - l) 2 Kr- 2n ){\ - 2{n - l)Kr- 2n ) n -~ L rdr A n A (^r 2 dn) n ^ 
= (1 + 2(n - l) 2 i^r- 2n )(l - 2(n - l)^- 2 ™)"- 1 ^™ 

for if > and 2K(n — l)r -2 " < 1. Then for suitably large If > 0, with r possibly 
increased, one has cj> < p on T ro . An application of the maximal principle using 
that cj> — > as y — * 00 gives the upper bound in (f2"4"| . 

For the lower bound set p = Kr~ 2n+2 (log r) s . Then a similar computation gives 

(to + dd c p) n = (l - S(n - ^Kr-^ilogr) 5 - 1 + o( r - 2n (log r) 5 " 1 )) w" 

(28) > w», 

on y ro for K < and ro > sufficiently large. And another application of the 
maximum principle give the lower bound in (|24p . □ 

The following proposition is a slight variation of proposition 5.1 in |38j . We give 
a somewhat simpler proof for this context. 
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Proposition 5.3. Let <f> be as above. Then for h > 8 > 0, there are constants Cs,k 
depending only on k and 5 so that 

(29) l|V fc 0ll 9o (y) < C Sik r(y)- 2n+2 - k+5 , for ,y e Y ro . 

Proof. Recall that on Y ro go = dr 2 + r 2 g, the cone metric, and the Euler vector 
field rd r generates an action of R>o by homothetic isometries on go . For a > 1 
denote this action by tp a : Y ro Y ro . Then 

(30) Va5o = a 2 g . 
Then it easily follows that for all k > 

(31) \\V k R(g )\\ g0 =O(r- k - 2 ). 

Let b > ro, and Sb C Y ro be the link Sb = {y € Y ro : r(y) = b}. Cover Sb with 
coordinate balls B p {x,go),x £ Sb of radius p so that B£(x,go) cover Sb- Then for 
a > 1 ip a (B p (x,g )) = B ap (ip a (x),g ). Define <fi a := a~ 2 4>* a cj>. Since 

(32) CHVVIL = a- k \\V k r a <t>\\ go = «- fc+2 ||V^ a || 50 , 
it is sufficient to show there are constants Cs,k so that 

(33) ||V fe a || go (x) < C s , k a- 2n+ \ ioYxeSb. 

Note that d33J) holds for & = by Lemma O 
Recall that, on Y ro , is a solution to 

(34) {uJo + iddcb) n =lu 7 1 . 
Apply ip* a to (|3"4"|) and rescale to get 

(35) (loo + iddcb a ) n =<■ 

Let ijj = ojq + idd(j), and define an operator P on B p (x, go), x £ Sb by 

(36) {PuWo ■= iddu A (to 11 ' 1 + w n " 2 w + ■ ■ ■ + ^JT 1 )- 

Then since the proof of Proposition 15.11 gives a bound on (j> in C 2,a , < a < 1 and 
c _1 wo < w < co>o for some c > 0, the Schauder interior estimates (cf. [18j Theorem 
6.2) apply to §G\). Thus if Pu = f with u £ C 2 {B P ) and / S C '"^), then 
u|bp G C 2 ' a (B R ) and 

2 2 

(37) IMbJc- <C(||/|| c o.„ + |H| c o). 

2 

Then from ((35]) we have P((j) a ) = 0. So 

(38) Ha\ Bp \\ C 2, a < C\\cf> a \ Bp \\ c a < C'a- 2n+s . 

2 

Now apply the covariant derivative V e to (|35| to get 

(39) ^V/jV^Ve^a = 4 e/3 V £ -0 a , 

where (; is the metric with Kahler form ou, while the covariant derivative and curva- 



-2n+S 



ture is with respect to go- The C°' a norm of the right-hand side of (I39|) is bounded 
by Ca- 2n+s for some C. So (37|) implies that 

(40) \\4> a \ B Joa, a < Ca 



We proceed inductively. Suppose we have the bound 
(41) U«\bAc*.« <Ca- 2n+s . 
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Apply the general k — 1 = i + j order covariant derivative V Ql • • • V ai • • • V e -. 
to (|35j) and rearrange terms using curvature identities to get 

(42) g M V p V^V ai ■ ■ • V Qi V fl • • • Vejta = F, 

where F is an expression containing the curvature tensor, its covariant derivatives, 
and the covariant derivatives of <f) a up to order k — 1. Thus F is bounded in C l a 
by Ca~ 2n+S on B p by the previous step. Then apply (|37|) to the equation (|42)l to 
get a bound 

(43) HaWWc+i,* < Ca- 2n+S . 

2 

□ 

Theorem 11.21 now follows from Proposition [O] Lemma 15721 and Proposition [531 
We now collect some of the asymptotic properties of the metric in Theorem 11.21 
which follow from the preceding results and equation (|3Tj) . 

Proposition 5.4. Let g be the Ricci-flat Kahler metric on Y of Provosition [3771 
Then curvature of g satisfies 

(44) \\V k R(g)\\ g = 0(r- 2 - k ), fork>0. 

Furthermore, if \\R(g)\\ g = 0{r~ a ), for a > 2, then (Y,g) is asymptotically 
locally Euclidean of order 2n. 

The second statement of the Proposition follows from a result of [2\. We recall 
the definition of asymptotically locally Euclidean (ALE). By ALE of order m we 
mean the following. There exists a compact subset K C Y , a finite group T c 0(2n) 
acting freely on R 2n \ {0}, and a ball B R (0) C R 2 ™ of radius R > 0. So that there 
is a diffeomorphism \ : R 2 ™/r —*Y\K and 

(45) V k X *g-V k h = 0(r- m - k ), 

where h is the flat metric and V its covariant derivative. 

Furthermore, since Y is Kahler it is not difficult to show that one may take 
R 2 " = C" with the standard complex structure Jo and T C U(n). And if J is the 
complex structure on Y we have 

(46) V fe xV-V fe J = O(r- m - fe ), 

and Ricci-flatness implies that T C SU(n). The results of [2] imply that if ||i?(g)|| g = 
0(r- a ), for a > 2, then (Y,g) is ALE of order 2n. 

6. TORIC CASE 

We now restrict to the toric case. We will consider crepant resolutions it : Y — > X 
where both X and Y are toric varieties. In this case X = C(S) is a toric Kahler 
cone over a toric Sasaki manifold S. We will prove the toric version of Theorem ll.2[ 
Corollarv ll.3[ which makes use of the general existence result of A. Futaki, H. Ono, 
and G. Wang [T5] of Ricci-flat Kahler cone metrics on X = C(S) provided S 
satisfies the condition in Proposition ^. 51 which is a translation into toric geometry 
of the condition in Proposition 12.31 Then it is elementary using toric geometry to 
construct examples of crepant resolutions tt : Y — > X of a Ricci-flat Kahler cone X. 
We will start with the differential geometric picture of toric geometry. See [5T] for 
a good reference. Then we will use concepts from the algebraic geometric picture 
of toric varieties to construct crepant resolutions. A good reference for this is [3"4"j . 
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6.1. Toric Sasaki-Einstein manifolds. In this section we recall the basics of 
toric Sasaki manifolds. Much of what follows can be found in [32] or |15j . 

Definition 6.1. A Sasaki manifold (S,g) of dimension 2n—l is toric if there is an 
effective action of an n-dimensional torus T = T n preserving the Sasaki structure 
such that the Reeb vector field £ is an element of the Lie algebra t of T . 

Equivalently, a toric Sasaki manifold is a Sasaki manifold S whose Kahler cone 
C{S) is a toric Kahler manifold. 

We have an effective holomorphic action of Tc = (C*) Tl on C(S) whose restriction 
to T C 7c preserves the Kahler form u> = d(^r 2 rj). So there is a moment map 

M : C(S) — ► t* 

where X$ denotes the vector field on C(S) induced by X S t. We have the moment 
cone defined by 

(48) C(p) := fi(C(S)) U {o}, 

which from [27) is a strictly convex rational polyhedral cone. Recall that this means 
that there are vectors Ui, i = 1, . . . , d, in the integral lattice It = ker{exp(2-7r-) : 
t^T}ct such that 

d 

(49) C(m)= f]{yet*:( Uj ,y)>0}. 

The condition that C(fi) is strictly convex means that it is not contained in any 
linear subspace of t*, and it is cone over a finite polytope. We assume that the set 
of vectors {uj} is minimal in that removing one changes the set defined by (|49[) . 
And we furthermore assume that the vectors Uj are primitive, meaning that Uj 
cannot be written as piij for p e Z,p > 1, and Uj € It- 

Let IntC(/i) denote the interior of C(ii). Then the action of T on /i _1 (IntC(/i)) 
is free and it is a Lagrangian torus fibration over Int C(p). There is a condition on 
the {uj} for S to be a smooth manifold. Each face T C C(fi) is the intersection 
of a number of facets {y £ t* : lj(y) — (uj,y) = 0}. Let Uj t , . . . ,Uj a be the 
corresponding collection of normal vectors in {uj}, where a is the codimension of 
T . Then S is smooth, and the cone C(p) is said to be non-singular if and only if 

(50) |^ v k u jk : v k e K j n Z T = |^ v k u jh : v k e Z j 
for all faces T . 

Note that /j,(S) = {t/£ C(/i) : y(0 = |}. The hyperplane {y € t* : y(£) = \} 
is called the characteristic hyperplane of the Sasaki structure. Consider the dual 
cone to C(fi) 

(51) C(fj,)* = {x e t : (x, y) > for all y e C(/x)}, 

which is also a strictly convex rational polyhedral cone by Farkas' theorem. Then 
£ is in the interior of C(p)* . Let t^-, i = 1, . . . ,n be a basis of t in Z^. Then we 
have the identification t* = t = M™ and we write 
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If we set 

(52) yi = (n(x), g—) ,i = l,...,n, 

then we have symplectic coordinates (y,<j)) on /i _1 (IntC(/i)) = IntC(/i) x T". In 
these coordinates the symplectic form is 

n 

(53) uj = ^dy i Ad(/) i . 

8=1 

The Kahler metric can be seen as in [1] to be of the form 

(54) g = ^2 Gijdy.dyj + G ij dfadcfrj, 

where G tJ is the inverse matrix to Gij(y), and the complex structure is 

<»> - [c„ "f ) 

in the coordinates (y, <j>). The integrability condition of X is equivalent to Gij k = 
Gik tj . Thus 

d 2 G 

(56) Gij = G Aj :— — — - — , 

for some strictly convex function G{y) on IntC(/x). We call G the symplectic po- 
tential of the Kahler metric. 

One can construct a canonical Kahler structure on the cone X — C(S) U {o}, 
with a fixed holomorphic structure, via a simple Kahler reduction of C d (cf. [20l[2Tj 
and [9]). This procedure will be recounted in Section ROl 

The symplectic potential of the canonical Kahler metric is 

d 

(57) G can = -J2h(y)logk(y). 



Let 
where 



2 

i=l 



G € = \k(y) lo Sk- \ l oo(y)logloo(y), 



k(y) = (^y)> and l °°(y) = ^2( u i,y)- 



Then 

(58) Gf n = G can + G () 

defines a symplectic potential of a Kahler metric on C(S) with induced Reeb vector 
field £. To see this write 

n „ 

l—l 

and note that the Euler vector field is 
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Thus from ([55]) we must have 



n 



(61) 



e = E 2G < 



i j Vj ■ 



3 = 1 



Computing from |58|). 




And plugging (|6"2")l into (fBTj) shows we have the desired Reeb vector field. 



The general symplectic potential is of the form 



(63) G = G can + G 6 + g, 



where g is a smooth homogeneous degree one function on C such that G is strictly 
convex. The following follows easily from this discussion. 

Proposition 6.2. Let S be a compact toric Sasaki manifold and C(S) its Kahler 
cone. For any £ € IntC(^t)* there exists a toric Kahler cone metric, and associated 
Sasaki structure on S , with Reeb vector field £. And any other such structure is a 
transverse Kahler deformation, i.e. r) = f] + 2d c <f>, for a T -invariant function <fi. 

We consider now the holomorphic picture of C(S). Note that the complex 
structure on X = C(S) is determined up to biholomorphism by the associated 
moment polyhedral cone C(/u) (cf. pQ Proposition A.l). And the construction of 
X = C(S) as in [201 HI] shows that X = C(S) is a toric variety with open dense 



Recall that a toric variety is characterized by a fan (cf. [34j). We give some 
definitions. 

Definition 6.3. A subset a of t = W 1 is a strongly convex rational polyhedral 
cone, if there exists a finite number of elements u\, 112, ■ ■ • , k s in %t — such that 

a = {aiui H h a s u s : ai £ R> for i = 1, . . . , s}, 

and a D (— a) = {o}. 

Definition 6.4. A fan in It — 2" is a nonempty collection A of strongly convex 
rational polyhedral cones in t = K™ satisfying the following: 

(i) Every face of any a £ A is contained in A. 

(ii) For any a, a' S A, the intersection a n a' is a face of both a and a' . 

Then to every fan A in = is uniquely associated a normal complex 
algebraic variety Xa with an algebraic action of Tc — (C*)™. Furthermore, there 
is an open dense orbit isomorphic to Tc = (C*) n . Conversely, if a torus (C*) n 
acts algebraically on a normal algebraic variety X , with locally finite type over C, 
with an open dense orbit isomorphic to (C*)", then there is a fan A in Z" with X 
equivariantly isomorphic to Xa- See |34j for more details. 

There is a fan in Zt C t associated to every strictly convex rational polyhedral 
set C C t* . Suppose 



orbit (C*) n = M _1 (IntC) C C(S). 



d 



(64) 
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where Uj € It and Xj £ K for j = 0, . . . , d. Each face C C is the intersection of 
facets {yet*: l 3k (y) = (u Jk ,y)-X Jk = 0} DC for k = 1, . . . , a, where { ji , . . . , j a } C 
{1, . . . , d}, and the codimension of T is a. Then to the face T we associate a cone 
a T in t ^ R" 

(65) or = {ciu jl + h c a u ja : Ck € K>o for k = 1, ... , a}. 

It is easy to see that the set of all a? for faces C C define a fan A in Z-r- 

Consider the convex polyhedral cone C(fi). From (|49|) the fan in Zt associated 
to C(/i) consists of the dual cone |5T|) and all of its faces, where the dual cone is 

(66) C(p)* = {ciu\ H h c d u d : c fc e M> for k = 1, . . . , d}. 

It follows that C(5) is an affine variety as its fan has a single n-dimcnsional cone. 

We introduce logarithmic coordinates (z%, . . . , z„) = (x± + i(f>i, . . . , x n + i(j) n ) on 
C"/2vriZ™ = (C*) n ^ /i _1 ( In tC) C C(5), i.e. Xj + ifa = logw 3 if w j ,j = l,...,n, 
are the usual coordinates on (C*) n . Since on /i~ 1 (IntC) the Kahler form uj is T n 
invariant and the T n -action is Hamiltonian, we have 

(67) lu = iddF, 

where F is a strictly convex function of (x±, . . . ,x n ) (cf. [20] Theorem 4.3). One 
can check that 

(68) Fij(x) = G ij (y), 

where fj, = y = ^ is the moment map. Strictly speaking, /i = ^ + c for a constant 
c € R™. But we add a linear factor to F, so that fx = Furthermore, one can 
show x — and the Kahler and symplectic potentials are related by the Legendre 
transform 

n 

(69) F(x)=Y d x i -y i -G{y). 

i=l 

It follows from equation (|52|) defining symplectic coordinates that 

(70) F(aO = k(y) = j. 

The potential F(x) is, of course, only defined up to an affine function on (xi, . . . , x n ), 
but by considering the limit as y t-y in ([6^]) one shows that the first equality in 
(ffO|) holds. 

We now consider the conditions in Proposition 12 .31 more closely in the toric case. 
So suppose the Sasaki structure satisfies Proposition 12.31 thus we may assume 
cf = 2?i[cj t ]. Then equation (fTTj) implies that 

(71) p = -iddlogdet(Fij) = iddh, 

with £h = = r-S-h, and we may assume /i is T"-invariant. Since a T n -invariant 
pluriharmonic function is an affine function, we have constants 71 , . . . , j n € M so 
that 

n 

(72) logdet(F y ) = -2 J] 7^ - fe. 

i=i 
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In symplectic coordinates we have 

n 

(73) det(Gy) - cxp(2 £ 7i G< + h). 
Then from ([55]) one computes the right hand side to get 

(74) det(G y ) = f[ {j^) 1 '^ (k(v))- n ^P(h), 
And from (|62|) we compute the left hand side of ([73]) 

(75) det(G ij ) = Hikm-'fiv), 

k=l 

where / is a smooth function on C(p). Thus (7, Uk) = —1, for k = 1, . . . , d. Since 
C(/i)* is strictly convex, 7 is a uniquely determined element of t*. 

Applying Y^j=i Vj~£p to G2]) an d noting that det(Gy) is homogeneous of degree 
— n we get 

(76) (7,0 =-n. 

As in Proposition 12.31 e^ 1 det(F,j) defines a flat metric |j • |j on K^s)- Consider 
the (n, 0)-form 

f2 = e l6 e^ det(Fy)^ dzi A • • • A dz n . 
From equation (|72[) we have 

f2 = e' i£ ' exp(— "fjXj)dzi A • • • A <i2:„. 
j=i 

If we set 6> = — 5Zj=i Ij^h then 

(77) H = e- E ^=i ^^dz! A • • • A dz n 

is clearly holomorphic on U = /i _1 (IntC). When 7 is not integral, then we take 
I £ Z + such that £7 is a primitive element of 7L* T = Z™ . Then f2® is a holomorphic 
section of K^g-Jc/ which extends to a holomorphic section of as = 1. 

It follows from (J77J> that 

(78) £ e n = -i(7,£)f2 = inQ. 

And note that we have equation (flU]) from (f?2"]) and ([77]) . We collect these results 
in the following proposition. 

Proposition 6.5. Let S be a compact toric Sasaki manifold of dimension 2n — 1. 
Then the conditions of Provosition WIA are equivalent to the existence 0/7 £ t* such 
that 

(i) (l,Uk) =-1, fork = l,...,d, 

(ii) (7,C) = —n, and 

(Hi) there exists i £ Z + such that £7 S = Z™. 

TTien |77[ ) defines a nowhere vanishing section o/K^,^. ^4nd C(S) is l-Gorenstein 
if and only if a 7 satisfying the above exists. 

We will need the beautiful result of A. Futaki, H. Ono, and G. Wang on the 
existence of Sasaki-Einstein metrics on toric Sasaki manifolds. 
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Theorem 6.6 (|15[ I14j). Suppose S is a toric Sasaki manifold satisfying Propo- 
sition \6. 51 Then we can deform the Sasaki structure by varying the Reeb vector 
field and then performing a transverse Kdhler deformation to a Sasaki-Einstein 
metric. The Reeb vector field and transverse Kdhler deformation are unique up to 
isomorphism. 

In [15] a more general result is proved. It is proved that a compact toric Sasaki 
manifold satisfying Proposition l6 . 51 has a transverse Kahler deformation to a Sasaki 
structure satisfying the transverse Kahler Ricci soliton equation: 

p T — 2ulu t — £xw T 

for some Hamiltonian holomorphic vector field X. The analogous result for toric 
Fano manifolds was proved in [41]. A transverse Kahler Ricci soliton becomes a 
transverse Kahler-Einstein metric, i.e. X = 0, if the Futaki invariant f\ of the 
transverse Kahler structure vanishes. The invariant f± depends only on the Reeb 
vector field £ . The next step is to use a volume minimization argument due to 
Martelli-Sparks-Yau [33] to show there is a unique £ satisfying ([75]) for which /i 
vanishes. 

Example 6.7 Let M = CP? 2 \ be the two-points blow up. And Let S C Km be 
the [/(l)-subbundle of the canonical bundle. Then the standard Sasaki structure 
on S satisfies (i) of Proposition ^. 3[ and it is not difficult to show that S is simply 
connected and is toric. But the automorphism group of M is not reductive, thus M 
does not admit a Kahler-Einstein metric due to Y. Matsushima [33J . Thus there is 
no Sasaki-Einstein structure with the usual Reeb vector field. But by Theorem 16.61 
there is a Sasaki-Einstein structure with a different Reeb vector field. 
The vectors defining the facets of C(/z) are 

ui = (0, 0, 1), u 2 = (0, 1, 1), ua = (1, 2, 1), «4= (2,1,1), u 5 = (1,0,1). 

The Reeb vector field of the toric Sasaki-Einstein metric on S was calculated in [32] 
to be 

£=(^(-l + V33),^(-l + V33),3V 

One sees that the Sasaki structure is irregular with the closure of the generic orbit 
being a two torus. <^> 

6.2. Toric crepant resolutions. Let X — C(S) be a toric Kahler cone. Then as 
an algebraic variety X — X& where A is the fan in Zy — Z™ defined by the dual 
cone C(fi)*, spanned by u\, . . . ,114 S Zx, and its faces as in (]66|) . We assume that 
X is Gorenstein. Thus there is a 7 £ 1* T so that 7(uj) = —1 for i = 1, . . . ,d. Let 
= {x £ t : (7,2;) = — 1} be the hyperplane defined by 7. Then 

(79) P A := {x £ C(/*)* : <7, x) = -1} C H 1 S R"" 1 

is an (n — l)-dimensional lattice polytope. The lattice being H 7 n = Z™ _1 . 
A toric crepant resolution 

(80) 7T : X A -> X A 

is given by a nonsingular subdivision A of A with every 1-dimensional cone Tj £ 
A(l),i = 1, . . . , N, generated by a primitive vector m := 73 fl H 1 . This is equiv- 
alent to a basic, lattice triangulation of Pa- Lattice means that the vertices of 
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every simplex are lattice points, and basic means that the vertices of every top 
dimensional simplex generates a basis of Z n_1 . Note that a maximal triangulation 
of Pa, meaning that the vertices of every simplex are its only lattice points, always 
exists. Every basic lattice triangulation is maximal, but the converse only holds 
in dimension 2. In dimensions > 3 there are polytopes which do not admit basic 
lattice triangulations. 

The condition that m :— H H 1 is primitive for each i = 1, . . . , N is precisely 
the condition that the section of Proposition (|6.5[) . £1 G T(Kc(S))i characterized by 
7 G TLt lifts to a non- vanishing section of Kx A - See [34], Proposition 2.1. 

Note that a toric crepant resolution (|5D|) of Xa is not unique, if one exists. But 
if E = 7T (o) is the exceptional set, then the number of prime divisors in E is 
invariant. There is a prime divisor D^,i = d + 1, . . . , N, for each lattice point in 
IntP A . 

Proposition 6.8. Suppose X = C(S) is a 3- dimensional, n — 3, Gorenstein toric 
Kahler cone. Then Pa admits a basic lattice triangulation. Thus X admits a toric 
crepant resolution. 

Proof. There is a maximal lattice triangulation of Pa- Since it is 2-dimensional, 
any maximal triangulation is basic. □ 

One can further show that any 3-dimensional Gorenstein toric Kahler cone ad- 
mits a crepant resolution satisfying the requirements of Corollary 1 1.31 See [39) . 

In the previous section we associated a fan in Zx to every rational convex poly- 
hedral set C C t*. The following definition will be used to associate a rational 
convex polyhedral set to a fan. 

Definition 6.9. A real valued function h : |A| — > R on the support |A| := U^gAC is 
a support function if it is linear on each a G A. That is, there exist an l„ G (R™)* 
for each a G A so that h(x) = {l a ,x) for x G a, and {l a ,x) — (l T ,x) whenever 
x G t < a. We denote by SF(A,R) the additive group of support functions on A. 

We will always assume that |A| is a convex cone. A support function h G 
SF(A, R) is said to be convex if h{x + y) > h(x) + h(y) for any x, y G |A|. We have 
for a G A(n), {l a ,x) > h(x) for all x G |A|. If for every a G A(n), we have equality 
only for x G <r, then h is said to be strictly convex. 

Suppose h G SF(A) is a strictly convex. We will associate a rational convex 
polyhedral set Ch C t* to A and h. Furthermore the fan associated to Ch as in (|65|) 
is A. For each r, G A(l) we have a primitive element Uj G ^T,j = 1, • • • ,N, as 
above. Set Xi :— h(ui). Then we define 

N 

(81) C h := f){yet* : ( Uj ,y) > A,}. 

i=i 

We employ a construction originally due to Delzant and extended to the non- 
compact and singular cases by D. Burns, V. Guillemin, and E. Lerman in which 
constructs a Kahler structure on X^ associated to a convex polyhedral set (f8Tj) . 
See also [3D1 [H] for more on what is summarized here. Let A : Z w — » be 
the Z-linear map with A(et) — itj, where e^i = 1, . . . , N, are the standard basis 
vectors of Z w . Then the R-linear extension, also denoted by A, induces a map of 
Lie algebras A : R w — > t. Let t = ker„4. We have an exact sequence 

(82) -> B R w t-> 0, 
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and its adjoint 

(83) o -► t* ^ (m N y r -»• o. 

Also ^4 induces a surjective map of Lie groups A : T w — > T" , where T N = 
M. N /2it1j N . If K = ker„4, then we have the exact sequence 

(84) 1 -> K — > T N T" -> 1. 

The moment map $ for the action of T w on (C^, | Xw=i A ^i) i s 

v 

(85) $(z) = £M 2 e*. 

i=i 

Then moment map &k for the action of K on is the composition 

(86) <$> K =B*o<5>. 
Let A = J2f =1 Aj-e*, and i/ = B*(-A). Then 

(87) Af Ch ~*k\v)/K 

is smooth provided in non-singular as in (|50|) . The Kahler form on descends 
to a Kahler form u>h on Mc h - The action of T n = T N /K on Mc h is Hamiltonian, 
and the restriction descends to $ : M C(i = <&^{v)/K —> (R w )*. One can 

check that Im($ + A) c Im(.A*). Thus 

(88) * Cfc := o ($ + A) 

is the moment map $ C(l : M Ch -> t* for T" = T N / K acting on M Cfe . Furthermore, 
Im($ c J = C h C t*. Also, the action of T n on M Ch extends to T£ = (C*) n . And 
this action of has an open dense orbit. Thus Mc h is a toric variety. And as the 
stablizer subgroups of coincide, Mc h = X^ as toric varieties. 

We will make use of Guillemin's formula for the Kahler potential of ujh on Mc h ■ 
Let lj(y) = (uj,y)-\j for j = 1, . . . , N, and let Z<x>(j/) = Y,f=i( u j' v )- Tnc following 
is proved in [9] ; see also [501 HI] ■ 

Theorem 6.10. The Kahler form u)h on the preimage 3>g (IntC/j) o/ £/ie interior 
Int C?! o/ i/ie polyhedral set Ch is 

N 

oj h = idd^* Ch (^2 A. log^ ) + ioo). 

i'=l 

Suppose A is a nonsingular subdivision of A giving a crepant resolution (|80[). 
Then ui, . . . , Ud € Zt are vectors spanning the cone C*(/x), whereas u^+i, . . . , ujy £ 
Zt are the lattice points in Int Pa ■ In order to construct Kahler forms u> on 
with [lj] £ H^(X^,M.) we make the following definition. 

Definition 6.11. A strictly convex support function h E SF(A,R) is compact if 
h(uj) = for j = 1, .. . ,d. 

We will now prove Corollary 11.31 If h € SF(A,R) is a compact strictly convex 
support function, then the Kahler form ojh on X^ has a compact Kahler class [u>h\ ■ 
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From Theorem 16. 101 we have 

N 

(89) oj h = idd<S>* Ch ( J2 X j 1 °s( 1 j) + U- 

j=d+i 

The potential function F = &c h Q2j=d+i X o l°s((?) + ^°°) 1S sm0 °th away from the 
exceptional set E = 7r _1 (o), thus [u>h] <E H^(X^,M). We will construct a Kahler 
metric ujq on with all the properties in Lemma f4 . 3 1 which is furthermore invariant 

2 

under T™. Let / — ^- be the Kahler potential of the Ricci-flat Kahler cone metric 
that exists by Theorem 16. 61 We consider / as a function on via 7r : X^ — > Xa- 
Let < ai < a2 and define a function v : R>o — > M as in the proof of Lemma T4. 31 
Then we have a non-negative form idd(y o /) > on with idd(y o /) > on 
X a2 ={z£ : r(z) > 02}. Choose 6 > a 2 , and choose ci > large enough that 

(90) ^({j, G Ch ■ loo(y) > cj}) C X b . 

Let ^ : M — > [0, 1] be a smooth function with 4>{x) = 1 for x < c\ and <p(x) = for 
x > C2 , where C2 > ci . Define g = (f> o o $ Ch . Then define 

(91) cj = ia9( 3 F) + Cidd{v o /), for C> 0. 

For C > sufficiently large gives the metric with the required properties. 

Corollary 1 1 . 31 now follows from the proof of Theorem ll.2l Since ujq and the Ricci- 
potential / defined in ([22| are T n -invariant, the T™-invariance of the solution to 
(f23| follows from the uniqueness of the solution given in Proposition [O] 

Note that in Corollary 11.31 we have a family of Ricci-flat Kahler metrics on X^ 
whose dimension is the number of lattice points in Int Pa > N — d in the above 
notation. For each j = d + 1, . . . , N, the prime divisor Dj in E = 7r^ 1 (o) is the 
smooth submanifold given by L o $ Cfe = 0. Let Cj £ H^(X^, K) be the cohomology 
dual of [Dj] in H 2n _ 2 {X K , R). Then Cj = {f3j] (cf. [2D], Theorem 6.2), where 

(92) = ^Bdlog^lj. 

If cj is the Kahler form of Corollary 11.31 starting with ujq in ([51]) , then we have from 
(PI that 

AT 

(93) H = -2tt 

j=d+i 
7. Examples 

7.1. Asymptotically locally Euclidean Kahler manifolds. Let F C GL(n,C) 
be a finite subgroup, and consider the singular space X = C n /T. We want isolated 
singularities, so we assume T acts freely on C n \ {o}. The singularity is Gorenstein 
precisely when T C SL(n, C). We may assume T C SU (n), as T is always conjugate 
to such a subgroup. Note that this is precisely the case in which S = S* 2 " -1 /T has 
constant curvature and C(S) = X \ {0} is flat. 

When n — 2, X — C 2 /T is a Kleinian singularity. And X admits a unique 
crepant resolution 7r : Y — > X. For n = 3, X = C 3 /r, it was proved by S. Roan [33] 
that X admits a crepant resolution, but it may not be unique. For n> A, X may 
or may not admit a crepant resolution, and if it exists it may or may not be unique. 
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In this case H%(Y,M) = H 2 (Y,R), Theorem [L2l shows that there is a Ricci-flat 
Kahler metric in every Kahler class asymptotic to the flat metric as in (p}. But in 
this case there is an improved proof, by D. Joyce [531 [22], which proves Theorem ll.2l 
where one has (p} with 6 — 0. 

7.2. Canonical bundles of toric Fano manifolds. Let M be a Fano manifold. 
Then the canonical bundle Km is negative. Let Y = Km denote the total space. 
Then we have the Remmert reduction (cf. [19]) ir : Y — > X which collapses the zero 
section of Km- Then X = C(S)U{o}, where S the £/(l)-subbundle of Km with the 
usual Sasaki structure. It is not difficult to check that ir : Y — > X is a crepant res- 
olution. If M admits a Kahler-Einstein metric, then after a possible £>-homothetic 
transformation as in [[5]). the standard Sasaki structure on S as in Example 12.41 is 
Sasaki-Einstein. The Calabi ansatz gives a complete Ricci-flat Kahler metric on Y 
(cf. [TO])- If hi is not Kahler-Einstein, then S can possibly have a Sasaki-Einstein 
structure for a different Reeb vector field. 

Suppose M is a toric Fano manifold of dimension m. We have a crepant res- 
olution 7r : Y — > X as above, where X = C(S) is a toric Kahler cone satisfying 
Proposition 16.51 By Theorem 16.61 X = C(S) has a Ricci-flat Kahler cone metric 
for some Reeb vector field. And by Corollary 11.31 there is a 1-dimensional family of 
asymptotically conical Ricci-flat Kaher metrics on Y. 

We have that M is given by a fan A in Z m , and we give the fans A of X = G(S) 
and A of Y = Km in Z", n = m + 1. If Ui, . . . , Ud € 27 1 are primitive elements 
generating each r 6 A(l), then A consists of the convex polyhedral cone spanned 
by U\ = (ux, 1), v,2 = (u2, 1), • • • ,Ud = (ud, 1) and all of its faces. 

Let a be the 1-cone generated by e„ € Z". Then A consists of all cones of 
A besides the n-dimensional cone plus the following. For a £ A(r),r < n, let 
a = a + a. It is easy to see that this defines a non-singular subdivision of A. 

Consider M = CPL, the two-points blow up. Then X = C(S) has a Ricci-flat 
Kahler cone metric as in Example 16. 71 for a non- regular Sasaki-Einstein structure. 
The lattice triangulation of the polytope is given in Figure [1] 




FIGURE 1 . Canonical bundle of CP^ 

7.3. Resolutions of C(Y p,q ). A series of 5-dimensional Sasaki-Einstein metrics 
Y p ' q , with p,q £ N,p > q > 0, and gcd(p, q) = 1, first appeared in [T7]. These 
examples are remarkable in that they contain the first known examples of irregular 
Sasaki-Einstein manifolds, and also because the metrics are given explicitly. These 
examples are toric and are further of cohomogeneity one with an isometry group of 
5(9(3) x 17(1) x 17(1) if p,q are both odd, and U(2) x 17(1) otherwise. 

The Sasaki structure is quasi-regular precisely when p, q £ N as above satisfy the 
diophantine equation 

(94) 4p 2 -3g 2 = r 2 , 
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for some r G Z. It was shown in |17j that there are both infinitely many quasi- 
regular and irregular examples. 

We have X<\ — C{Y p ' q ) U {o} where the fan A in 1? is generated by the four 
vectors 

(95) u x = (0,0,l),u 2 = (l,0,l),u 3 = (p,p, l),u 4 = (p-q - l,p-q,l). 

A basic lattice triangulation of Pa can be constructed for general p, q as is shown in 
FigurefJlfor y 5 ^ 3 . It is not difficult to see that the subdivision A of A has a compact 
strictly convex support function. Thus Corollarv l 1.31 gives ap- 1-dimensional family 
of asymptotically conical Ricci-flat Kahler metrics on A^. 




Figure 2. A resolution of X 5 



7.4. Toric crepant resolutions. Let Aa be a toric Kahler cone. If n = 3 then 
Proposition 16.81 implies that A a admits a toric crepant resolution, n : X^ — » Aa- 
And more generally, if n > 3, then Aa admits a toric partial crepant resolution 
7r : A^ — > Aa which has at most orbifold singularities. The author does not have 
a general result on the existence of a compact strictly convex support function on 
A. Nevertheless, it is elementary to construct examples, such as in FigureO which 
has a 4-dimensional space of asymptotically conical Ricci-flat Kahler metrics. In 
this example Aa has another resolution, Figure IH which is related to Figure [3] by 
a flop. 

It is proved in [39] that for n = 3, as long as A is not the quadric cone, there is a 
crepant resolution 7r : A^ — » Aa such that A has a compact strictly upper convex 
support function. And therefore, Corollary 11.31 applies. This can be used to easily 
construct infinitely many 3-dimensional examples. 
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Figure 3. Example 




Figure 4. a flop of [3] 
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